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Abstract. Let G denote an infinite-dimensional Heisenberg-like group, which 
is a class of infinite-dimensional step 2 stratified Lie groups. We consider holo- 
morphic functions on G that are square integrable with respect to a heat kernel 
measure which is formally subelliptic, in the sense that all appropriate finite- 
dimensional projections are smooth measures. We prove a unitary equivalence 
between a subclass of these square integrable holomorphic functions and a cer- 
tain completion of the universal enveloping algebra of the "Cameron-Martin" 
Lie subalgebra. The isomorphism defining the equivalence is given as a com- 
position of restriction and Taylor maps. 
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1. Introduction 

We study spaces of holomorphic functions on infinite-dimensional Heisenberg- 
like groups based on an abstract Wiener space as constructed in [7]. In particular, 
we consider holomorphic functions which are square integrable with respect to a 
subclliptic heat kernel measure and prove a unitary equivalence between a subclass 
of these functions and a certain completion of the universal enveloping algebra of 
the Cameron-Martin Lie subalgebra. These results may be viewed as an analogue 
of the results in [5] for degenerate heat kernel measures, or as an extension of the 
finite-dimensional results in |10) to a special infinite-dimensional case. Perhaps 
more particularly, it is an infinite-dimensional extension of in a special case, as 
the Heisenberg-like groups considered here are nilpotent. There are considerable 
differences from both cases in techniques, as analytically our setting is very different 
from the elliptic case in [5] , and there are numerous subtle issues when dealing with 
infinite dimensions versus the finite-dimensional nilpotent case in [TJ! . In particular, 
in the infinite-dimensional setting, it is necessary to consider two different norms 
on the Lie algebra, one which defines the space on which the functions live and 
one which controls the analysis. This is directly analogous to the abstract Wiener 
space construction. 

1.1. Background. We give a brief (incomplete) background of the development of 
the Taylor isomorphism to put our results into context. See the papers cited here 
and their bibliographies for more complete references. Also, the paper |18j gives a 
very nice discussion and extensive history of the theory. 

Let us first recall the classical result. Let / : C — > C be a holomorphic function. 
Then it is well known that / is everywhere determined by the values of its derivatives 
at the origin and in particular 

fc=0 

Moreover, if dfit(z) — pt(z) dz where pt(z) = ^e - ' 2 ' 2 /* is the standard Gaussian 
density on C, then (z ,z ) L?{n t ) = dktt k k\, which implies that 

00 4-k 

(i-i) n/iiW t ) = E^/ (fe) (°)i 2 - 

fc=0 

Thus, one may consider the Taylor expansion as an isometric isomorphism from 
the space of square integrable, holomorphic functions onto the sequence space of 
derivatives at endowed with an appropriate norm. 

This isomorphism first appeared in the paper of Fock [12] (actually for C"), but 
was not made explicit until the work of Segal [251I2S] and Bargmann 2 . Multiple 
authors contributed to various extensions of this theory, all of which culminated in 
the paper [S]. In this paper, Driver and Gross considered the case of a connected 
complex (finite-dimensional) Lie group G with Lie algebra q. Equip q with any 
inner product, and suppose that is an orthonormal basis of g. Consider 

L = J27=i ■> wnere V is the left invariant vector on G field associated to V G 0. 
Then L is an elliptic second order differential operator, and we let {gt}t>o denote 
a Brownian motion on G with generator L. For t > 0, let T-IL 2 (G, fit) denote the 
space of holomorphic functions on G which are square integrable with respect to 
the heat kernel measure fit = Law(<7 t ) on G. Then it was proved in [S] that the 
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analogous Taylor map in this setting is an isometric isomorphism from TLL 2 (G, /j,t) 
to the space of derivatives at the identity equipped with a norm inspired by the 
expression in 

Recently, in [10], Driver, Gross, and Saloff-Coste have further extended this the- 
ory to the case of subelliptic (or hypoelliptic) heat kernel measures on a connected 
complex Lie group. That is, suppose in the previous setting that {T^jfUi C g is 
not itself a full basis of g, but does satisfy the Hormander (or bracket generating) 
condition 

span{K, [VuVj], [V t , [V 3 , V k }}, . . .} = g. 
Then due to the classical result of Hormander [3T], it is well known that, for the 
process {gt}t>o generated by L — Yli=i K 2 > f^t — Law(g t ) is a smooth measure for 
all t > 0. In [10] . it is proved that the Taylor map is an isometric isomorphism, 
this time from 1-LL 2 (G, /it) onto the space of derivatives at the identity with an 
appropriately modified norm. 

There have also been several infinite-dimensional settings in which Taylor iso- 
morphisms have been shown to hold. In particular, in [5] Driver and the first 
named author proved a Taylor isomorphism theorem for nondegenerate heat ker- 
nel measure on the same infinite-dimensional Heisenberg-like groups considered in 
the present paper. The first named author has proved analogues on the infinite- 
dimensional complex Hilbert-Schmidt groups 14,15 and for the group of invertible 
operators in a factor of type IT [15] . Also, in [5], Cecil proved an analogue for path 
groups over stratified nilpotent Lie groups. To our knowledge, the present paper 
represents the first analogous result for an infinite-dimensional subelliptic setting. 

1.2. Statement of Results. 

1.2.1. Heisenberg-like groups and subelliptic heat kernel measures. Let iW 1 H, fi) 
be a complex abstract Wiener space and let C be a finite-dimensional complex 
inner product space. Let g = W x C be an infinite-dimensional Heisenberg-like Lie 
algebra, which is constructed as an infinite-dimensional step 2 nilpotent Lie algebra 
with Lie bracket satisfying the following condition: 

(1.2) [W,W] = C. 

Let G denote W x C thought of as a group with operation 

gi - .92 =gi + .92 + ^[51,52]- 

Then G is a Lie group with Lie algebra g, and G contains the subgroup Gcm — 
H x C which has Lie algebra Qcm- See Section l2~2l for definitions and details. 

Now let {B t }t>a be a Brownian motion on W . The solution to the stochastic 
differential equation 

(1.3) dg t — gt dB t with go = e 

is a Brownian motion on G, which is given explicitly in Proposition ^. 211 and Defini- 
tion [222] For all t > 0, let v t — Law((/ t ) denote the heat kernel measure at time t. 
If W is finite dimensional, then (|1.2[) implies that span{(£ i; 0), [(£i, 0), 0)]} = g, 
where {^j}^ 1 is some orthonormal basis of W, and thus we would have sat- 
isfaction of Hdrmander's condition implying that v t is absolutely continuous with 
respect to Haar measure on G — W x C and its density is a smooth function on 
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G. If W is infinite-dimensional, then the notion of subellipticity is not so well de- 
fined as there is no canonical reference measure. But we say that vt is formally 
subelliptic (or hypoelliptic) in the sense that all appropriate finite-dimensional pro- 
jections (which will be discussed subsequently) are subelliptic. Similar "definitions" 
of subellipticity in infinite dimensions have been taken in [Tl ll3i[23] . for example. 

Let Proj(Vy) denote the collection of finite rank continuous linear maps P : 
W — > H so that P\h is orthogonal projection. Further, let Gp :— PW x C which 
is a subgroup of Gcm- For each P <G Proj(VF), Gp is a finite-dimensional Lie 
group and Brownian motion on Gp is defined analogously to how it is defined on 
G. The finite-dimensional heat kernel measures vf will play an important role in 
the sequel. In particular, under the assumption that [PW, PW] — C, Hormander's 
theorem implies that dvfix) — pf (x) dx, where pf is a smooth density and dx is 
finite-dimensional Haar measure. 

As has been the case in previous infinite-dimensional contexts [51IFl fT4l - iTB] , our 
results actually take the form of two unitary isomorphisms: the "skeleton" or "re- 
striction" map and the Taylor map on "square integrable holomorphic functions" 
on G C m- 

1.2.2. The restriction isomorphism theorem. We must first define the Hilbert spaces 
involved. Let %(G) and %{Gcm) denote the holomorphic functions on G and Gcm 
respectively. Let V be the space of holomorphic cylinder polynomials on G. Then 
Proposition E21 implies that V C L 2 (v t ), and so for t > define U\{G) := L?(v t )- 
closure of V. For / € H(G C m), let 

MWuKGcm) := SU P \\f\G P \\L*(»n 

PSProj(W) 

and U\(Gcm) ■= {/ G U(Gcm) ■ II/IIh?(g C m) < °°}- :t is P roved in Proposition 
I2.30l that as usual v t (GcM) — 0; however, T-L"1{Gcm) should still be roughly thought 
of as ^(-square integrable holomorphic functions on Gcm- Having made these 
definitions, we can state our first theorem. 

Theorem 1.1. For all t > 0, there is a map R t : Hf(G) — > H^(Gcm) such that 
Rt is an isometric isomorphism, R t p — p\g C m f or an V V G V , and 

\(Rtf)(g)\ < WfWm^e^'^ 12 ', for all g € G CM , 
where dh is the horizontal distance on Gcm (see Notation \2.1^ . 

The proof of the pointwise bound and that Rt is actually restriction on V are in 
Theorem 14. 151 The proof of the isometry and surjectivity are in Theorem 14. 161 

1.2.3. The Taylor isomorphism theorem. Now let T(qcm) be the algebraic tensor 
algebra over Qcm, T(qcm)' be its algebraic dual, J = J(qcm) be the two-sided 
ideal in T(qcm) generated by 

{h®k — k® — [h, k] : h,k € Bcm}, 

and J° = {a £ T(qcm)' ■ a(J) = 0} be the backwards annihilator of J. For t > 0, 
define 

OO 

(1.4) NI? : =Efci E K«>(£i,0)®---®fe,0)}| 2 , 

k=o ' fi,...,£*er 
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where T is an orthonormal basis of H, and let J t ° := {a 6 J° : ||a||t < oo}. Given 
/ € H(G), let / (e) denote the element of J° defined by (/ (e) , 1) = / (e) and 

(/ (e) , hi (g) • • • <g) h„) = fhi • • • h n f"j (e), for all hi,...,h k € Qcm 

where hi is the left invariant vector field on Gcm such that hi{e) = hi. For 
fen 2 t {G CM ), let 7;/ = /(e). 

Theorem 1.2. for a/Z £ > 0, £/ie map 7* : %t (Gcm) — > Jt(dCAf) is an isometric 
isomorphism. 

The isometry in Theorem 11.21 is proved in Proposition 13.131 and the surjectivity 
is proved in Theorem 13.191 The combination of Theorems 11.11 and 11.21 implies that 
the mapping / ^ (% o R t )f = R t f (e), where 

Rtf (e) , hi ® • • • ® h k ^ = (hi--- hkRtf) (e), for all hi, . . . , h k G flcAf, 

is a unitary equivalence between "H^ (G) and J t °. 

The organization of the paper is as follows. In Section [2j the definitions of 
infinite-dimensional Heisenberg-like Lie algebras and groups are revisited. This in- 
cludes a brief review of complex abstract Wiener spaces in Section 12.11 In Section 
12.31 we explore the relationship between linear and left invariant derivatives on G 
which will later be useful in several limiting arguments. In Section 12 .41 we prove 
that the homogeneous norm and horizontal distance topologies are equivalent. This 
fact is necessary to make use of the finite-dimensional projection groups introduced 
in Section l2~5l as approximations to G. In Section l2~6l we define the subelliptic dif- 
fusion {<7t}oo and its heat kernel measure v t and review various properties that will 
be necessary for the sequel. Most of these properties follow directly from properties 
for the nondegenerate heat kernel measures treated in [7] and [8]. Also, in Sec- 
tion 12.71 we review the notion of holomorphic functions in this infinite-dimensional 
setting. 

Section [3] gives the proof of the Taylor isomorphism theorem, including a proof 
in Section 13.11 that the semi- norm defined in (|1 .4[) is in fact a norm. The proofs in 
this section are mostly standard. 

In Section [H the restriction map is constructed and we prove its isometry and 
surjectivity properties. Here the proofs are complicated by several factors, including 
the use of the horizontal distance and the fact that the norm defining J t ° is not the 
full Hilbert-Schmidt norm as is used in the nondegenerate case. Ultimately, the 
overall steps here are analogous to those in the nondegenerate setting, but the 
proofs are necessarily adjusted to account for these complications. 

1.3. Discussion of open questions. Recall that [8 treated the case of nondegen- 
erate heat kernel measures on the same infinite-dimensional Heisenberg-like groups 
considered here. One of the main ingredients used there was the quasi-invariancc 
of the heat kernel measure under shifts by elements of the Cameron-Martin sub- 
group. In particular, this allowed the skeleton or restriction map from TL^(G) to 
Ht(GcAi) to be defined via quasi- invariance. At the time of the writing of the 
present paper, quasi-invariance results for the subelliptic heat kernel measure were 
unknown. Thus, the construction of the restriction map given here does not rely 
on quasi-invariance. This construction is analogous to that in [5], which treats the 
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case of nondegenerate heat kernel measures on complex path groups, a case in par- 
ticular where quasi- invariance results are not known. After the present paper was 
accepted, a quasi-invariance result for the subelliptic heat kernel measure in this 
setting was proved in [3]. Thus, it may now be possible to give a different proof of 
our results including the skeleton map defined via quasi-invariance. 

One should also comment that the assumption that dim(C) < oo is necessary 
at several points. For example, it is used in an essential way for the proof that the 
homogeneous norm topology is equivalent to that of the horizontal distance. Some 
readers might be concerned that this restriction on the dimension of the center 
means that this subelliptic example is in some sense only finitely many steps from 
being elliptic. This concern would be justified if the Lie bracket is non-trivial on 
only a finite-dimensional subspace of W, as then the solution to (|1.3|) is somehow 
only a finite-dimensional subelliptic diffusion coupled with an infinite-dimensional 
flat Brownian motion. However, if the Lie bracket is in fact non-trivial on an 
infinite-dimensional subspace of W, then this does introduce several non-trivial 
complications, for example, in the proof of equivalence of topologies and more 
generally in working with the horizontal distance and "projections" of horizontal 
paths. 

Another interesting question is to try to generate holomorphic functions similar 
to how it was done in [TTJ Section 4] . Even though one of the techniques of that 
section, the Fourier- Wigner transform, has been studied in infinite dimensions (for 
example, |17j). it is still not clear how this question can be approached for infinite- 
dimensional Heisenberg groups. 

Acknowledgements. The authors thank Bruce Driver for several helpful con- 
versations during the writing of this paper. We would also like to thank the Math- 
ematics Department at Cornell University, where much of this research was com- 
pleted. 

2. Infinite-dimensional complex Heisenberg-like groups 

2.1. Complex abstract Wiener spaces. Let us first briefly recall the definition 
of a complex abstract Wiener space. We record here only the basic construction 
and some standard facts that will be useful for the sequel. For more details, see for 
example Section 2 of [8] and its references. 

Suppose that W is a complex separable Banach space and B\y is the Borel a- 
algebra on W. Let W^ e denote W thought of as a real Banach space. For A e C, 
let M\ : W — > W be the operation of multiplication by A. 

Definition 2.1. A measure /i on (W,Bw) is called a (mean zero, non-degenerate) 
Gaussian measure provided that its characteristic functional is given by 



where q = : W^ c x W£ e — > K is an inner product on W£ c . If in addition, [i is 
invariant under multiplication by i, that is, /joM" 1 = /i, we say that [i is a complex 
Gaussian measure on W . 

Theorem 2.2. Let fi be a complex Gaussian measure on a complex separable Ba- 
nach space W . For 1 < p < oo, let 




(2.1) 




A SUBELLIPTIC TAYLOR ISOMORPHISM ON INFINITE HEISENBERG GROUPS 



7 



For w £ W , let 

ii I, W{w)\ 

\\w\\h ■= sup 



uEW*\{0} y/q(u,uY 

and define the Cameron-Martin subspace H C W by 

H := {heW :\\h\\ H < oo}. 

(1) For all 1 < p < oo, C p < oo. 

(2) H is a dense complex subspace ofW. 

(3) There exists a unique inner product, (•, •)#-, on H such that \\h\\ 2 H = (h, h)n 
for all h e H . Moreover, with this inner product H is a separable complex 
Hilbert space. 

(4) For any h £ H, 

(2.2) \\h\\ w < y/C^\\h\\ H . 



Notation 2.3. The triple (W,H,fi) appearing in Theorem \2.2\ will be called a 
complex abstract Wiener space. 

We will also need the following facts about linear maps from W into a complex 
Hilbert space K. The proof of the next lemma may be found as part of Lemma 2.6 
in@. " 

Lemma 2.4. If if : W —¥ K is a linear map, then 

\ip{w)\\ 2 K dn{w) = 211^11^,^. 

w 

Now suppose that p : W x W —> K is a continuous bilinear map so that 

||p||o := sup{p(io,tu')||jf : ||u>||w = \\w'\\ w = 1} < oo. 

The continuity of p and Lcmma [2 . 41 give the following proposition which is analogous 
to Proposition 3.14 in [7]. 

Proposition 2.5. The bilinear form p : H x H — > K is Hilbert- Schmidt; that is, 
for any orthonormal basis of H, 



DC 



3,k=l 

(where \\ ■ \\%g is independent of basis). 



p\\hs ■■= y\ \\p{thtk)\\K < °° 



Proof. By Lemma [274 



\\p( w >-)\\h*®k = 5 / Wp( w > w/ )\\kMw') 



w 



< ^IIpIIoII^II^ J \\w'\\ 2 w dp{w') = l -C 2 \\p\\l\\w\\ 2 w , 

where C2 < 00 is as defined in (|2.1I) . Similarly, viewing w <— > p(w, •) as a continuous 
linear map from W to H* ® K, 

WpWhs = \\h^> p(h, ■)\\h»®(h*®k) = o / ')Wh*®k d P(w) 

1 Jw 

<\\ w CAp\UHwdp{™) = \cl\\p\^. 

□ 
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2.2. Infinite-dimensional complex Heisenberg-like groups. In this section, 
we revisit the definition of the infinite-dimensional complex Heisenberg-like groups 
constructed in [5]. Note that since we are interested in subelliptic heat kernel 
measures on these groups, there are some necessary modifications to the topology. 
First we set the following notation which will hold for the entirety of this paper. 

Notation 2.6. Let (W,H,fj,) be a complex abstract Wiener space. Let C be a 
complex Hilbert space with inner product (•, -)c and dim(C) = N < oo. Let u) : 
W x W — > C be a continuous skew- symmetric bilinear form on W. We will also 
trivially assume that u> is surjective (otherwise, we just restrict to a linear subspace 
ofC). 

Definition 2.7. Let g denote W x C when thought of as a Lie algebra with the 
Lie bracket given by 

\{X U V X ),{X 2 ,V 2 )] := (0,u(X u X 2 )). 
Let G denote W x C when thought of as a group with multiplication given by 

(2-3) 9192 '=91 +92+ ^[91,92], 

where g\ and g 2 are viewed as elements of g. For gi — (wi, Ci), this may be written 
equivalently as 

(2.4) (wi,ci) • {w 2 ,c 2 ) = (wi + w 2 ,ci +c 2 + ^u(wx, w 2 )j . 

We will call G constructed in this way a Heisenberg-like group. 

It is easy to verify that, given this bracket and multiplication, g is indeed a Lie 
algebra and G is a group. Note that g^ 1 = —g and the identity e = (0, 0). 

Notation 2.8. Let qcm denote H x C when thought of as a Lie subalgebra of g, 
and we will refer to gcM as the Cameron-Martin subalgebra of g. Similarly, let 
Gcm denote H x C when thought of as a subgroup of G, and we will refer to Gcm 
as the Cameron-Martin subgroup of G. 

We will equip g — G with the homogeneous norm 

\\(w,c)\\ B := ^/\\w\\2 w + \\c\\ c , 

and analogously on gcM = Gcm we define 

\\(A,a)\\ SCM :=y/\\A\\* H + \\a\\ c . 

Lemma 2.9. G and Gcm are topological groups with respect to the topologies 
induced by the homogeneous norms. 

Proof. This is proved similarly to [7J Lemma 3.3]. Since g^ 1 = —g, the map 
g 1 y g^ 1 is continuous in the g and gcM topologies. Also (51,92) ^ [31792] and 
(31 j 92) ^ .91 + <?2 are continuous in both the g and Qcm topologies. Thus, it follows 
from Equation (|2.3|) that (gi,g 2 ) <— > g\ ■ g 2 is continuous as well. □ 

Before proceeding, let us give the basic motivating examples for the construction 
of these infinite-dimensional Heisenberg-like groups. 
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Example 2.1 (Finite-dimensional complex Heisenberg group). Let W = H = 

C™ x C", C = C, and 

uj((wi,w 2 ), (zx,z 2 )) := w! ■ z 2 -w 2 - z\. 

Then G = C 2n x C equipped with a group operation as defined in (|2.4[) is a finite- 
dimensional complex Heisenberg group. 

Example 2.2 (Heisenberg group of a symplectic vector space). Let (K, (•, •)) be a 
complex Hilbert space and Q be a strictly positive trace class operator on K . For 
h,k € K, let (h, k)Q := (h, Qk) and \\H\\q := (h, H)q, and let (Kq, (■, -)q) denote 
the Hilbert space completion of (K, \\ ■ \\q). Further assume that K is equipped with 
a conjugation k h- » k which is isometric and commutes with Q. Let W — Kq x Kq, 
H = K x K, and u : W x W C be defined by 

w 2 ), (zi,z 2 )) = (w 1 ,z 2 )q - (w 2 ,z 1 ) Q . 

Then G = (Xq x Kq) x C equipped with a group operation as defined in (|2.4p is 
an infinite-dimensional complex Heisenberg-like group. 

2.3. Derivatives on G. For g € G, let L g : G — > G and i? s : G — > G denote left 
and right multiplication by g, respectively. As G is a vector space, to each g E G 
we can associate the tangent space T g G to G at 5, which is naturally isomorphic 
toG. 

Notation 2.10 (Linear and group derivatives). For f : G — > C, x € G, and h € g, 

let 

f'(x)h:=d h f(x) = ± f(x + th), 
at 

whenever this derivative exists. More generally, for hi, . . . , h n g g, Ze£ 
/( n) (z)(fri®---(g)/i„) :=a hl ■■■d h J{x). 

For v, x G G, Zet G T^G denote the tangent vector satisfying v x f — f'(x)v. If 
x(t) is any smooth curve in G such that x(0) = x and x(0) = v (for example, 
x{t) = x + tv), then 

d 
dt 

In particular, for x — e and v e = h G Q, let h(g) := L gSf h, so that h is the unique 
left invariant vector field on G such that h(e) = h. We view h as a first order 
differential operator acting on smooth functions by 

d 



9 ■ x(t). 





(hf)( 9 ) - dt 



f(9-o-m 







where a(t) is a smooth curve in G such that er(0) = e and 6~(0) — h (for example, 
a(t) = th). 

The following proposition is Proposition 3.7 of [7] and a special case of Propo- 
sition 3.16 of [24]. The proof is a simple computation and is included here for the 
reader's convenience. 



Proposition 2.11. For g,x G G and v x G T X G, 

1 

2 



L g *v x =v + - [g,v], 



10 



GORDINA AND MELCHER 



and this expression does not depend on x. In particular, taking x — e, g — (w,c), 
and v e = h = (A, a) eg gives 

h(g) = (A,a + ^ui(w,A) 



Proof. Let x(t) = x + tv. Then 



L g *v x dt 



9 ■ X{t) = dt 



9 + x{t) + 7; [9, x{t)} = v + ^ [g, v] 



a 



In the sequel, it will be useful to have an expression for the left invariant deriva- 
tives of a smooth function on G in terms of its linear derivatives. To do this, we 
first set the following notation. 

Notation 2.12. For k € N, let 

A k := {partitions 6 of {1, . . . , k} : for all Ae9,#A< 2}. 

If {i,j} E 6 € A k , we will always assume without loss of generality that i > j. For 
£ = 0,...,[k/2\, let 

K\ := {6eA k : #{A E 9 : #A = 2} = £}. 
Proposition 2.13. For g E G, h E Q, and f : G — > C a smooth function, 
(2-5) hf(g) = f'(g)h(g). 

More generally, for k E N and hi, . . . ,h k E Q, 

(2.6) h k ---h 1 f(g)= ]T /«(<?)( E (hk,...,hi)® 9 (g) | . 



where, for = {{i 1 ,i 2 }, . . . , {iot-i, he}, {he+i}, ■ • • ,{«fc}} € K\ 



l > 



(h k ,...,h 1 )^ e (g) := ^[h it ,h i2 ] 



Proof. The first assertion holds by Proposition ^ . 1 ll and an application of the chain 
rule. Equation (|2.6p may be then proved by induction. So assume the formula 
holds for k and consider k + 1 . 

d 



h k+1 h k ■ ■ -hif(g) 

_ d_ 

~ dt 



dt 

k 



hk ■ ■ ■ hif(g ■ thk+i) 



E f U) {g-th k+1 ) Y, (h k ,...,hi)™(9-thk+i) 

°j=\k/2] 



= E E hk+i(g)®(h k ,...,h i r s (g) 

]=\k/2\ 



9eA£ 



E f {j) ( 9 ) E £ 



(h k ,...,h 1 f e (g-th k+1 ). 
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For g = (w, c), h = (A, a), and k — (B, b) 
d_ 

dt 



Ik) { A,a + ±w(w + tB,A)\ = (o,^u{B,A)j = ±[k,h], 



which is independent of g. (Note that [k,h](g) = [k,h].) Thus, for 8 = 
{{h, h}, {iit-i,i2t}, {iie+i}, {ik}} € A$, 

(h kl ...M)® e {g-th k+1 ) 





dt 



d 
dt 



■^Uhh,h i2 ] [hi^^hi^] ® hi 2e+1 (g ■ th k +i) ®---®h ik (g- th k +i)\ 

k 1 , 

® hi 2k +i(9) ® ••• ® hj-\(g) ® [ftfc+i, frj] ® h j+1 (g) ® ••• ® h lk (g)^j. 

Rearranging terms and indices gives the desired formula. □ 

Let us write out (I2.6P for the first few n. The expression for n = 1 is already 
given in equation (|2.5p . For n = 2 and n = 3, we have 

(2.7) ^i/(5) = r(5)(^(5)®^(3))+^/'(5)[^^i] 

(2.8) hh 2 hif{g) = /"'(<?) f/iaCff) ® Ms) ® 



+ ^/"(f) (fas, fa] ® fa(s) + [fa, hi] ® /12(g) + [fa, hi] ® fa(s) 
In particular, (|2.7p implies that, for h,k £ g, 
(2.9) (m -kh\f= [M]/. 

2.4. Distances on Gcm- We define here the sub-Riemannian distance on Gcju 
and show that the topology induced by this metric is equivalent to the topology 
induced by the homogeneous norm || ■ || 0CM . Note that in finite dimensions this 
result is standard and is usually proved via compactness arguments (see for example 
Chapter 5 of [1]). Of course, these arguments are invalid in infinite dimensions and 
so we resort to more direct methods of proof. Note that the results in this subsection 
rely directly on the fact that N = dim(C) < 00. 

Notation 2.14. (Riemannian and horizontal distances) 

(1) Let C CM denote the set of C 1 -paths a : [0, 1] — > Gcm- 

(2) For x = (A, a) £ Gcm, let 

mLm : =ii^ + ni 2 c. 

The length of a C 1 -path a : [a, b] — > Gcm is defined as 



£(a) := / |i (T -i( s )*CT(s)| BCM ds. 

J a 

(3) The Riemannian distance between x, y £ Gcm is defined by 

dcM(x,y) '■= inf{£(er) : er £ C CM such that <r(0) = x and <r(l) = y}. 
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(4) A C 1 -path a : [a,b] — > Gcm is horizontal if L a u\-i*a(t) £ H x {0} fo 
a.e. t. Let Cq M denote the set of horizontal paths a : [0, 1] — > Gcm- 

(5) The horizontal distance between x, y £ Gcm is defined by 

dh(x,y) := in{{£(o~) : a £ Gq M such that <r(0) = x and u(l) = y}. 

Remark 2.15. Note that if a(i) = (A(t),a(t)) £ C^, then 

1 
2 

implies that a must satisfy 



L a(t) -iMt) = ( Mt),a{t) - -u(A(t),A(t)) ) eHx{0} 



1 '* 



o(t) = o(0) + - ^ a;(A(s),A( S ))ds, 
and the length of a is given by 

£(cr) = \L a -i {sh a(s)\ BCM ds = / ||i(s)|| H ds. 
Jo Jo 

Proposition 3.10 of [7] gives the following comparison of the | • \ 3CM and Rie- 
mannian metrics. 

Proposition 2.16. There exists S = d(w) > such that, for all x,y £ Gcm, 

dcAi(x,y) < (l + ^\x\ acu A \y\ SGl ^j \y-x\ BCM , 

and, in particular, dcM(e,x) < |x| gcM for any x £ Gcm- Also, there exists k — 
k(uj) < co such that, if x,y € Gcm satisfy dcM( x ill) < 8, then 

|y-a;| 8oM < fc(l + \x\ BCM A \y\ BCAI )d C M(x,y). 

Proposition 12.161 implies for example that the topology induced by | • | flCM is 
equivalent to that induced by the Riemannian distance. For the subelliptic case, 
these are of course not the relevant topologies. However, this result may be used to 
prove that the homogenous norm on qcm and the horizontal distance are compa- 
rable at the identity. The following proposition is Theorem C.2 of [7]. We record 
the proof here for the reader's convenience and to emphasize the dependence of the 
upper bound constant K% on N = dim(C). 

Proposition 2.17. If {uj(A, B) : A,B £ H} = C, then there exist finite constants 
K\ = Ki(u) and K2 = K2(N,ui) such that, for all (A, a) £ Qcm, 

Ki\\(A,a)\\ 

Bom 

< d h (e, (A, a)) < K 2 \\(A,a)\\ B 

CM • 

Proof. For any left-invariant metric d on Gcm (for example dcM or dh), we have 

(2.10) d(e, xy) < d(e, x) + d(x, xy) = d(e, x) + d(e, y), 

for all x,y £ Gcm- Given any horizontal path a — (w,c) joining e to (A, a), we 
have from Remark 12.151 that 

e(a)= [ \\w(s)\\ H ds>\\A\\ H . 



Taking the infimum over all horizontal paths connecting e to [A, a), it then follows 
that 

d h (e,(A,a)) > \\A\\ H . 
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Since the path a(t) — (tA, 0) is horizontal and 

\\A\\ H = e(a)>d h (e,(A,0))>\\A\\ H , 

it follows that 

(2.11) 4(e, (A,0)) = \\A\\ H for all AeH. 

Given A,BeH, let j(t) — A cos 27rf + B sin27rf for < t < 1, and consider the 
path 

tr(t) = f 7 (t) - A, i / w( 7 («) - A, 7 (s)) 



Note that er is a horizontal curve with L 



r(t) -ia(t) = (7(*),0), <r(0)=e, and 



ff(l)= [0,- ^ w(7(a),7(a))dsl = ^0,tt jf w (A,B)d s J = (0,7rw(A,B)). 
Thus, we may conclude that 

d ft (e, (0,7ra;(A,B))) < £(a) = 2tt [ \\ - A $in2irs + B cos 2ws\\ H ds 

Jo 

(2.12) <2tt(\\A\\ h + \\B\\ h ). 

Now choose {A I ^,B^}^_ 1 C i? such that {ttcj(A^ -B^)}]^ is a basis for C. Let 
{ £t }eLi be the corresponding dual basis. Hence, for any a £ C, we have 
/ n \ 



d h {e,{Q,a)) = d h {e,J[{0,e e {a)ircj{A e ,B e ))j 

N 

<^^(e,(0,e £ (a)7r W (A £ ,B,))) 
1=1 

= Yj h (e, (o,*w (sgn(e e (a))^\st(a)\A e , J\^\B^ 



< 



N 



\/\£»\Ai 


+ 




J 




H 







wherein we have used (|2.10|) for the first inequality and (|2.12j) for the second in- 
equality. Then Holder's inequality implies that 



JY 



(2.13) 



dh(e, (0,o)) < 4tt^ J\s £ (a)\ < AnCy/M^, 



for a finite constant C = C(N,u). Combining equations (|2.10p . p. lip , and (|2 . 13[) 

gives, 

d h (e,(A,a)) =d h (e,(A,0)(0,a)) 

<d h (e,(A,0))+d h (e,(0,a)) 



< \\A\\ H + C(N,u J )^M^<V2(l/\C(N : u J ))\\(A,a)\\ BCM , 

which completes the proof of the upper bound. 

To prove the lower bound, consider first the dilations defined by 

ip\(w,c) := (Xw,X 2 c), for A > and (w, c) e Qcm = G C m- 
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One easily verifies that ip\ is both a Lie algebra homomorphism on qcm and a group 
homomorphism on Gcm- Using the homomorphism property, it follows that, for 
any C^-path a, 

L <Px(v(t))- 1 *-jj.<P\(<r{t)) = fx{La(t)-^*^(t))- 

Consequently, if a is a horizontal curve, then ip\ o a is again horizontal and £(tp\ ° 
a) = X£(a). Thus, we may conclude that 

(2.14) d h ((px(x), <p\(y)) = Xd h (x, y), 

for all x,y £ Gcm- 

Now, by the first part of Proposition l2.16l dcAf (e, x) < \x\ BCM , for all x £ Gcm- 
Combining this with the second part of the same proposition implies that there 
exist 8 > and k < oo such that, if |ai| flCM < 6, then |x| flCM < kdcM(x, y). So, for 
arbitrary x — (A, a) € Gcm, choose A = X(x) > so that 

6 2 = \vx(x)\l aM =\^A\\ i B + \*\\a\\ 2 a -, 

that is, take 



A = 



M\a\\ 2 c 8 2 



Equation ({2.140 and Proposition 12. 161 then imply that 

Xkd h (e,x) = kd h (e,ip x {x)) > kd C M{e,fx(x)) > \<P\(x)\ 3aM 

Thus, 

(5 2 <5 2 



dh(e,x) > 



m\ 2 c 



(2.15) 
Since vT~ 



PA 2 ^yp^TiPNl^-IIAII 2 , 
2-5 2 ||«llc 1 



fe 2 ||A||^ 



1 



4«3||o||; 



1 < min(a;/2, \/x), we have 



> max 



- 1 



> 



Using this estimate with x = 45 2 ||a|| 2 - ; ||A|| ff 4 in equation (|2.15l) shows that 



dh(e,x) 



> 



28 2 



c 



\M 4 H 



\M 2 h 



k 2 \\Af H \AS 2 \\a\\ 2 c 4<5|| a || c 
which implies the lower bound. 



= 2p(IWIff + *Nc), 



□ 



Since Gcm is stratified, it turns out that comparability of the metrics at e is 
sufficient to imply the equivalence of their respective topologies. 

Proposition 2.18. The topologies generated by dh and || • || 0CM are equivalent. 

Proof. Fix x — (A, a) £ Gcm- First note that, by Proposition 12.171 and the left 
invariance of the horizontal distance, there exists K\ = K\{ui) < oo such that, for 
any y = (B,b) £ G C m, 



\B-A\H 



b-a-±u(A,B) 



= IF y\\ac 



<Kid h (e,x 1 y) = Kid h (x,y). 
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So if dh{x, y) < S for some S > 0, then 

\\B-A\\ H <Kid h (x,y) < KiS, 

and 



16 — allrs < 



b-a-^uj(A,B) 



~IKA,B)||c 



c 



< Kld h (x,y) 2 + -\\cj(A,B - A)\\ c 

< K 2 S 2 + ±\\u\\ op \\A\\ H \\B -A\\ H < K 2 S 2 + i||w||op||A||M 



|a;|| op := sup{||w(/i, fc)l|c : \\h\\ H = WMIh = 1} < oo, 



where 



by the continuity of u> and (|2.2[) . Thus, given any R € (0,1), one may clearly 
choose c = c(x,w) sufficiently large (for example, c = 2{^/2K\ + ^\\oj\\ op \\A\\)) so 
that dh(x,y) < S — R 2 /c implies that 



III/ - AUcm = ^\\B-A\\ 2 H + \\b-a{ 



< \/ K?6 2 + Kf5 2 + ~\\u>\\ op \\A\\ H 6 



,i? 4 1 



R? 



1K 2 ^r + -\\oj\\ op \\A\\ h — < VR 2 = R. 



2 " ' " " c 

Similarly, the left invariance of and Proposition 12.171 imply that there exists 
K 2 = K2{N,bS) < 00 such that 



d h (x,y) < ^ 2 ||x-- 1 y|| SCJU = K 2 J \\B - A\\ 2 H 



b- a-^uj(A,B) 



So if we suppose that \\y — x\\ gaM = y/\\B — AWjj + \\b — a\\c < S', then 



d h {x,y)<K 2X \\B-A\\ 2 H + \\b-a\\ c + -\\uj(A,B-A)\\c 



<K 2 \\y-x\\ 



\uj\\ op \\A\\ h \\B - A\\ H 



<K 2 \8' + x l-\\ui\\ op \\A\\ H 5> 



Again, given any R 6 (0, 1), one may find c' = c'(x, N, uj) such that \\y — x|| flCM < 
S' — R 2 /c' implies that dh(x, y) < R. □ 

2.5. Finite-dimensional projection groups. The finite-dimensional projections 
of G defined in this section will be important in the sequel. Note that the construc- 
tion of these projections is quite natural in the sense that they come from the usual 
projections of the abstract Wiener space; however, the projections defined here are 
not group homomorphisms, which is a complicating factor in some of the following 
proofs. 
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As usual, let (W, H, /i) denote a complex abstract Wiener space. Let i : H — > W 
be the inclusion map, and i* : W* — > H* be its transpose so that i*i := I o i for all 
£eW*. Also, let 

H,:={heH: (;h) H € Range(i*) C H*}. 

That is, for h € H, h € ii* if and only if (•, Ji)h € ff* extends to a continuous linear 
functional on W, which we will continue to denote by (•, h)ji. Because H is a dense 
subspace of W, i* is injective and thus has a dense range. Since H 3 h H> (• ,h) h € 
if* is a linear isometric isomorphism, it follows that if* 3 h n- S is a 

linear isomorphism also, and so £/* is a dense subspace of H. 

Suppose that P : H — > if is a finite rank orthogonal projection such that Pi? C 
H*. Let be an orthonormal basis for PH. Then we may extend P to a 

(unique) continuous operator from W —> H (still denoted by P) by letting 

m 

(2.16) Pw:=J2(™,&«Zj 

3=1 

for all w <EW. 

Notation 2.19. LetProj(Ly) denote the collection of finite rank projections onW 
such that 

(1) PW C 

(2) P|# : H ^ H is an orthogonal projection (that is, P has the form given in 
equation (|2.16p ), and 

(3) PW is sufficiently large to satisfy Hormander's condition (that is, {co(A, B) : 
A,B e PW} = C). 

For each P e Proj(M / ), we may define Gp := PW x C C H* x C and a 
corresponding projection np : G — > Gp 

TTp(w,x) :— (Pw,x). 

We will also let g P = Lie(G P ) = PW x C. 

For any {P n }^Li C Proj(Ly) such that P u \h t Ih , we may choose a sequence of 
complex orthonormal bases r n for each P n H so that r„ f T a complex orthonormal 
basis for P. Thus, for the sequel, we will often consider a sequence of projections 
with respect to a fixed orthonormal basis. 

Notation 2.20. Let {£,j}'j°=i C H* be a fixed orthonormal basis of H. We will let 
P n denote the corresponding projections onto P n W , that is, 

n 

PnW = ^2{w,Cj)sCj- 
3=1 

Let G n = Gp n , g n — Lie(G„), and ir n = irp n : G — > G n . So {ir n } n a = i is an 
increasing sequence of projections so that 7T n |G CAf t I\g C m- ^ n ^ e sequel, it will 
also be convenient to let T — {jy^j^x = {(Cj>0)}^i denote a basis of H x {0}. 

(It is clear that, in order for P n € Pio](W), it will be necessary to have a minimal 
n so that span{cj(£j, : i,j — l,...,n} = C. However, since these projections 
will be primarily used for large n as approximations to G, we will ignore this issue 
in the sequel and always assume we have a large enough projection.) 
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2.6. Brownian motion on G. Here we define a "subelliptic" Brownian motion 
{<?t}t>o on G and collect various of its properties that are necessary for the sequel. 
The primary references for this section are [7J[5]. 

Let {B t }t>o be a Brownian motion on W with variance determined by 

E\(B s ,h) H (B t ,k) H ] = (h,k) H min(s,t), 

for all s, t > and h,k £ H*. The following is Proposition 4.1 of [7.. and this result 
implicitly relies on the fact that Proposition 12.51 implies that the bilinear form u> is 
a Hilbcrt-Schmidt. 

Proposition 2.21. For P £ Proj(VK), let Mf be the continuous L 2 -martingale on 
C defined by 



M t p = f u(PB s ,dPB s ). 
Jo 



In particular, if {P n }^Li C Proj(W) is an increasing sequence of projections as in 
Notation \2.2U\ and M" := Alf" , then there exists an L 2 -martingale {M t } t > in C 
such that, for all p £ [1, oo) and t > 0, 



lim E 



sup||M r "-A/ T ||£ 

T<t 



= o, 



and M t is independent of the sequence of projections. 

As M t is independent of the defining sequence of projections, we will denote the 
limiting process by 

M t = I uj(B s ,dB s ). 
Jo 

Definition 2.22. The continuous G-valued process given by 
gt = (Bt t ~M?\ = (Bu\J u{B s ,dB s )^j . 

is a Brownian motion on G. For t > 0, let v t = Law(g t ) denote the heat kernel 
measure at time t on G. 

Definition 2.23. A function / : G — > C is a cylinder function if it may be written 
as / = F o 7Tp, for some P £ Proj(Fy) and F : Gp —> C. We say that / is a smooth 
(holomorphic) cylinder function if F is smooth (holomorphic). 

Proposition 2.24. If f : G —> C is a smooth cylinder function, let 



^2 ~ 2 



3 = 1 L 



where is a basis for H x {0} as in Notation \2.2u\ Then Lf is well defined, 

that is, the above sum is convergent and independent of basis. Moreover, jL is the 
generator for {gt}t>0i so that 

f(g t )-\J Q Lf(g s )ds 
is a local martingale for any smooth cylinder function f. 
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Proposition 12.211 along with the fact that, for all p E [1, oo) and t > 0, 



lim E 

n—too 



sup||5 T -P n B T \\l 



T<t 



w 







(see for example Proposition 4.6 of [7]) makes the following proposition clear. 

Proposition 2.25. For P G Proj(W), let gf be the continuous process on Gp 
defined by 



9t 



PB t,\J a u{PB s ,dPB s )^j . 



Then gf is a Brownian motion on Gp . In particular, let {P n }^Li C Proj(PF) be 
increasing projections as in Notation \2.20\ and g T t l := g t " . Then, for all p G [1, oo) 



and t > 0, 



lim E 

n—>oo 



T<t 



Notation 2.26. For all P e Proj (W) and t > 0, H z/f := Law(pf ), and /or 
neN let := Law(g") = Law(gf"). 

For all projections satisfying Hormander's condition, the Brownian motions on 
Gp are true subelliptic diffusions in the sense that their laws are absolutely contin- 
uous with respect to the finite-dimensional reference measure and their transition 
kernels are smooth. 

Lemma 2.27. For all P € Proj(VF) and t > 0, we have vf(dx) = pf(e,x)dx, 
where dx is the Riemannian volume measure (equal to Haar measure) andpf(x,y) 
is the heat kernel on Gp. 

Proof. An application of Proposition 12.241 with G replaced by Gp implies that 
— Law(<?^) is a weak solution to the heat equation on Gp with generator 



(0,0) • (i&.O) 



/ 



L P f ■= E 

7=1 

for smooth functions / : Gp —> C, where is a complex orthonormal basis 

of PH. The result now follows from the fact that [PW, PW] = C, as this implies 
{(£j,0), (*£j)0)}!^_i satisfies Hormander's condition, and thus L p is a hypoelliptic 
operator [21]. □ 

The next proposition is a version of Fernique's theorem for the subelliptic heat 
kernel measures and follows directly from the proof in the elliptic case (see Theorem 
4.16 of [7]). In particular, this kind of exponential integrability result is required 
to have a nontrivial class of holomorphic square integrable functions. 

Proposition 2.28 (Subelliptic Fernique's theorem). There exists 8 > such that, 
for all e £ (0, S) and t > 0, 



sup 

PeProj(W) Jg 



'-\\</ t dvf P {g)= sup ; 

PeProj(vy) 



and 



A\9\\l/t 



dv t (g)=E 



\M\ 2 e /t 



< oo. 



< oo 
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The next proposition follows from Propositions 12.251 and 12.281 and the proof of 
Proposition 4.12 in [8]. 

Proposition 2.29. Let S > be as in Proposition ] 2. 28[ and suppose that f : G — > C 
is a continuous function such that, for some e G (0,(5) and p G [l,oo), 

\f(g)\ < tfe'lK/* 
for all g G G. Then f € L p (i> t ), and, for all h G G, 

(2.17) lira E\f{hg?) - f{hgt)\> = 

n— >oo 

and 

(2.18) lim E\f(g?h)-f( 9t h)f = 0. 

n—toc 

Finally, we include the following proposition, which states that, as the name 
suggests, the Cameron-Martin subgroup is a subspace of heat kernel measure 0. 
The proof is identical to Proposition 4.6 of [8]. 

Proposition 2.30. For all t > 0, v t {GcM) = 0. 

Proof. Let [i t denote Wiener measure on W with variance t. Then for a bounded 
measurable function / :G=lf xC^C such that f(w, x) = f(w), 

f f(w)dv t (w,x)=E[f(B t )}= f f{w)d IH {w). 

JG JW 

Let 7r : W x C — > W be the projection tt(w, x) = w. Then n*i>t — fit, and thus 
vtiGcM) = v t {-K- x {B)) = ttMH) = fh(H) = 0. 

□ 

2.7. Holomorphic functions on G and Gcm- We recall here the basic facts for 
holomorphic functions on infinite-dimensional spaces required for the sequel. For 
complete proofs of any of these results, see Section 5 of [8]. 

2.7.1. Holomorphic functions on Banach spaces. The material in this subsection is 
based on the theory in [50]. Let X and Y be two complex Banach spaces, and for 
a e X and 6 > let 

B x (a, 5) := {x e X : \\x - a\\ x < 5} 

be the open ball in X with center a and radius 5. The following is Definition 3.17.2 
of Hille and Phillips HPJ. 

Definition 2.31. Let T> be an open subset of X . A function / : T) —> Y is said to 
be holomorphic or analytic if the following two conditions hold. 

(1) / is locally bounded, namely, for all a € T> there exists r a > such that 

M a := sup{||/(x)||y : X G B x (a,r a )} < oo. 

(2) The function / is complex Gateaux differentiable on V, that is, for each 
a G T> and h G X, the function A ^ f{a + Xh) is complex differentiable at 
A = 0gC. 

Remark 2.32. Holomorphic and analytic will be considered to be synonymous for 
the purposes of this paper. We will use "holomorphic." 
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The next proposition gathers together a number of basic properties of holomor- 
phic functions which may be found in [20 , see also [19 . One of the key ingredients 
to all of these results is Hartog's theorem, see [201 Theorem 3.15.1]. 

Proposition 2.33. If f : T> — > Y is holomorphic, then there exists a function 
f :T> — > Horn {X, Y), the space of bounded complex linear operators from X to Y , 
satisfying the following: 



In particular, f is continuous and Frechet differ entiable on T>. 
(2) The function f :T> — > Horn (A", Y) is holomorphic. 

By applying Proposition l2.33l repeatedlv. it follows that any holomorphic function 
/ : T> — >• Y is Frechet differentiable to all orders and each of the Frechet differentials 
is again a holomorphic function on T>. 

2.7.2. Holomorphic functions on G and Gcm- Now we describe results for holo- 
morphic functions on G and Gcm- For the next proposition, take Go = G and 
go = or Go = Gcm and g = Qcm- Note that as usual we treat group ele- 
ments as Lie algebra elements when we write the group multiplication below. This 
linearization explains why the proof is identical to [8], and why we omit it. 

Proposition 2.34. For each g E Go, the left translation map Lg : Go — ^ Go is 

holomorphic in the || • \\ go -topology. Moreover, a function f : Gq — > C defined in a 
neighborhood of g E Go is Gateaux (Frechet) differentiable at g if and only if f oL g 
is Gateaux (Frechet) differentiable at e. If f is Frechet differentiable at g, then 



Thus, a function f : Gq — > C is holomorphic if and only if f is locally bounded 
and h i— > f(g ■ e h ) — f(g ■ h) is Gateaux (Frechet) differentiable at for all g E Go. 
If f is holomorphic and h € Qo> then 



is holomorphic as well. 

A simple induction argument using Proposition 12.341 allows us to conclude that 
hi. .. h n f € H (G ) for all / e H (G ) and hi,. .. , h n € go- 

Notation 2.35. The space of globally defined holomorphic functions on a group U 
will be denoted by H(U). 

Finally, we also record the following result, which is completely analogous to 
Proposition 5.7 and Corollary 5.8 of |S]. 

Proposition 2.36. If f E H(G) and h E g, then ihf = ihf, ihf = —ihf, 

(ih +h 2 ) f = 0, and 



(1) If a E V, x E B x (a, r a /2), and h E B x (0, r a /2), then 



\\f(x + h) - f(x) - f(x)h\\ Y < —, ^TT—^ 

r a (r a - 2||ft||x) 



\\h\ 





^h+h 2 ) \f\ 2 = 4\hf\ 2 
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Thus, for L as in Proposition \2.24\ and f : G — > C a holomorphic cylinder function, 
Lf = and 

oo 

£|/i 2 = £fe/i 2 

i=i 

for any {r]j}^ 1 a basis of H x {0} as in Notation \2.20\ 

3. The Taylor isomorphism 

Before we define the Taylor map, we must first define the relevant Hilbert spaces. 
First of these is the noncommutative Fock space, which plays the role of the deriv- 
ative space of holomorphic functions. 

3.1. Noncommutative Fock space. We set the now standard notation for the 
noncommutative Fock space, making the appropriate changes in the definition of 
the norm to accomodate the subelliptic setting. 

Notation 3.1. Let V be a complex vector space. We will denote the algebraic dual 
to V by V . For k G N, let V® k denote the k-fold algebraic tensor product of V 
with itself. For any tensors a, b, we write a A b for a (3 b — b (3 a. Let T(V) denote 
the algebraic tensor algebra over V , so that a G T(V) is a finite sum 

n 

where V®° = C. For a G T(V)' and k G {0} U N, let a k := a\ v » k G (V m )' , so 
that 

oo 

a = J2^ k , a k e(V® k )'. 

k=0 

When V is a Lie algebra, let J(V) be the two-sided ideal in T(V) generated by 
{aAb— [a,b] : a.b G V} and let J (V) be the backward annihilator of J(V), that is, 

J°(V) = {aeT(V)' : (a,J(V)) =0}. 

In particular, we will be concerned with the vector spaces Qcm and Qp = PW x 
C. We will let J°(qcm) = J°- Now we will define norms on J° and J°(gp). 

In order to put a norm on J°, let G ii* be a fixed complex orthonormal 

basis of H and {r]j}°Z 1 — 0)}JLi be a complex basis of H x {0} as in Notation 
12.201 For k G {0} U N, we define a non-negative sesqui-linear form on (fl®^)' by 

oo 

(a, [3) k := Yj ( a > ® • • • ® m^Wnh® 777 ®^)^ for a11 P € (flgjwr)'- 
j'i,...,ife=i 

For a G (QcmY ' we wm write 

oo 

\H\t ■= {a,ot)k = \( a i r l3i®---®Vj k }\ 2 - 
The following lemma is clear from the definition of || • ||fe. 

Lemma 3.2. Let a G (QcmY f or some k G N. Then \\a\\ k > if and only if there 
exist some £i, . . . G H such that (a, 0) ® • • • ® 0)) 7^ 0. 
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For any projection P G Proj(PF), we define an analogous norm for the finite- 
dimensional Lie algebras gp — PW x C. Let be a complex orthonormal 
basis for PH, and let = 0)}? =1 . Define the non- negative sesqui-linear 
form 

n 

(a,P) P := ^2{a,rij){P,r)j) for all a,/3 G g' P . 

3=1 

This induces a form on (gp' )' determined by 

k 

(ai ® ■ ■ ■ ® a k ,/3i (g) • • • ® h)pM ■= &)p for all o,-,^- G P 

i=\ 

For a G (gf fc )', we will write 

\\a\\p :k :=(a,a) P , k = \i a >Vji ® ® ^7j fc >| 2 - 

ji,...,ife=i 

One may easily verify that || • ||& and || • ||pfc are independent of the choice of 
orthonormal basis. 

Definition 3.3 (Noncommutative Fock spaces). For t > and a = Ylk^i ak J°> 
let 

OO £ 

in^Eti 11 "* 11 *' 

k=0 

and 

J t ° := {a G J° : ||a|| t < oo}. 
Similarly, for f > 0, P G Proj(PF), and a G J (flp), let 



fc=0 

and 

J Pit := {a G J°(flp) : ||a|| Pjt < oo}. 
For {Pn}^! an increasing sequence of projections in Proj(W / ), let ||-|| n .fc := ||-||p„.fc, 
ll«lk.* ~ Nk,t> < t : = J°P n> r 

The functions || • \\t and || • \\p t t are clearly semi-norms on J t ° and </p t , respectively. 
It is proved in Theorem 2.7 of [TU] that, for any t > and P G Proj(W) , the semi- 
norm || • ||p t is a norm on J pt (using the fact that [PW, PW] = C). In fact, J Pt 
is a Hilbert space when equipped with the inner product 

°° t k 

(a,/3)p t := Y y(a k ,0 k )p,k for all a,fi G Jp t . 

fc=0 

To compare our notation with that used in [10], for each P G Proj(I / F), let 
K P := |a G P : (a,a) P = ^ \(a,i] 3 )\ 2 = 

Then clearly 

K° P := {a G 0p : (a, a) = for all a G K P } = PH x {0}. 
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If the Lie algebra generated by PH is all of gp, then (•, -)p satisfies Hormander's 
condition as defined in Definition 2.6 of [10] . 

Here we follow the proof in [TU] to show that, since Hormander's condition 
[H,H] = C holds, || • ||t is a norm on J t °. (Indeed, it is shown in [10] that, at 
least in the finite-dimensional case, || • ||t is a norm on J t ° if and only if Hormander 
condition holds.) First, we need the following lemma. 

Lemma 3.4. There exists an algebra homomorphism $ : T(qcm) ~ * T(H) such 
that T(qcm) = T{H) © Nul(*) 7 where Nul(tf) C J(q C m)- 

Proof. Let be an orthonormal basis of H. Since [H,H] — C, we may also 

choose {Ai,Bi}f =1 C H such that {uj(Ai,Bt)}f =1 is a basis of C with dual basis 
{e e }^ =1 . Define ip : Qcm -> H © H® 2 for 

oo N 

(i,a)^(Ay ff fe,0) + ^e'(fl)(0, W (4ft)) G Qcm 

3=1 <=1 



by 



oo N 

1>(A, a) := ^ (A, + ]T £ £ (a)(A, A B t , 0), 

3=1 £=1 



where again u/\v = u®v — v®u for any u, v G i? . Then ip is a linear operator 
such that VKA 0) = (A, 0) for any A £ H, and, as 

(A A-B,0) — (0, w(A, B)) = (A, 0) A (B, 0) - (0, u(A, B)) e J(qcm), 

for any A,B £ H, we have ^>/i —he J{qcm) for all /i € 0cm- One may also show 
that t/> is bounded as an operator into T(H): for any x = {A, a) € Gqm such that 

NIL M = PII^ + Nlc<i, 



U(A,a)f H&H ^ = \\Af H + £ 

3,fc=l 



IN * ;i 

U=i 

oo / N N 

<\\ a \\h+ E E £ '( a ) 2 Ei^ AB ^^®^ 

3,fe=l V=l f=l / 

<im| 2 ff + q|a|| 2 c <C'(|m| 2 H + ||a|| c ), 

where C — C'(N,uj) < oo, and the final inequality follows from the fact that 
\\A\\l + He < 1 implies that \\Af H + ||af c < ||A|||, + ||a|| c . ^ 

By the universal property of the tensor algebra, there is a unique extension of tp 
to an algebra homomorphism * : T(qcm) — > T(H), such that ^1t( Bcm ) = 1t(h)- 
Since for hi, . . . , h n e 0ca/ 

*Ol ® • • • ® ft„) = V/ll ® • • • ® V^n G (hi + J(Qcm)) ® • • • ® (/in + ^(flCM)) 

and J(0cm) is an ideal, it follows that ^(/ii®- ■ ■®h n ) — hi®- ■ - ®h n £ J(qcm)- □ 

This lemma immediately gives the following. 
Theorem 3.5. Lei < > 0. T/ie semi-norm || • || t on J t ° is a norm. 
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Proof. Suppose that a = J2kLo ak G J° * s sucn that 

k=0 ' »i,...,i*=l 

Thus, ol\t(h) — and, for ^ as in Lemma T3.41 a — a o ^ ~ cx\t(h) ° ^ = 0. □ 
Corollary 3.6. The space J® is a Hilbert space equipped with the inner product 

°° t k 

(a,(3) t := ^2 -^{ a k,Pk)k- 

fc=0 

3.2. The Taylor map. The other relevant space for the Taylor map should be 
thought of as the ^t-square integrable holomorphic functions on Gcm- For t > 0, 
/ : Gcm -> C, and P € Proj(W), let 

H/llWf) :=ll/lcp|li a( , f) =E|/( 9 f)| 9 ) 

where {gf}t>o C Gp C Gcm is a Brownian motion on Gp as in Proposition 12.251 

Definition 3.7. For i > and / E H(G C m), let 

WfW-HUGcM) : = SU P ll/IL»( v f)i 

PeProj(W) 

and define 

HUGcm) := {/ G H(G CM ) : ||/||« ?(GcM ) < oo}. 
We set one more piece of notation before defining the Taylor map. 

Notation 3.8. Given f e U(G C m), 9 G Gcm , * G {0}UN, iei / fe ( 5 ) := (D k f)(g) 
denote the unique element of {Qcm)' gi> vm by 

(D a f)(g) = f(g) 
((D k f)(g), hi ® ••■ ® fc fc ) • ft fc /) (<?) 

/or all hi, . . . , hk G £|cm- £ei /(<?) &e i/ie element of T{qcm)' determined by 

(f(9),l3) = {fk(9),P), for all (3 e 0§ M . 

Remark 3.9. As a consequence of equation (|2.9|) . /(g) € J° for all / G %{Gcm) 
and g e GcAf- 

Definition 3.10. For each t > 0, the Taylor map is the linear map 7t : H|(Gcm) — > 
J° defined by 7J/ = /(e). 

3.3. Proof of isometry. We will prove that the Taylor map is an isometry by 
limiting arguments for the finite-dimensional projections. Let us first recall the 
finite-dimensional theory. 

Notation 3.11. For any P £ Proj(T4^), we set derivative notation for f € H(Gp) 
similarly to how it was done in Notation \3.8[ That is, for g 6 Gp and k € {0} UN, 
1st fk(g) '■= (D P f )(g) denote the element of (gf, k )' given by 

{{D k P f){g), hi ® • • • ® h k ) = (h x ■ ■ ■ h k f) (<?), 

for all hi, . . . , hk G gp, and let f(g) be the element of T{qp)' determined by 

</(<?),/?> = (fk(9),P), for alll3egf k . 
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Also, let H.L 2 {vf) = H{G P ) n L 2 (G Pl vf). If {P n }%Li is an increasing se- 
quence in Proj(W), let HL 2 ^™) — %L 2 (y^ n ) . The finite-dimensional Taylor map 
is the linear map f /(e) from T-LL 2 (vf) to J Pt , where the latter is as defined in 
Definition\3.3\ 

For each P £ Proj(VF), Gp is a finite-dimensional connected, simply connected 
complex Lie group. If [PW, PW] = C, then (•, -)p is a non-negative Hermitian form 
on q' p satisfying Hormandcr's condition. Thus, we have the following theorem. 

Theorem 3.12. Suppose that P e Proj(W) such that [PW,PW] = C. Then the 
finite- dimensional Taylor map f i— >• /(e) is a unitary map from T-LL 2 {vf) onto J Pt . 
Moreover, for any t > 0, / € / KL 2 [yf ), and g G Gp, 

(3-1) |/( 5 )| < \\f(e)\\ P , t e d ^/ 2t 

where dh is the horizontal distance on Gp (defined analogously on Gp to the hori- 
zontal distance on Gcm as in Notation \2.1J i ^ . 

The isometry and surjectivity follow from the finite-dimensional Taylor isomor- 
phism proved in Theorem 6.1 of [10] . and the estimate in (|3.1j) is a consequence 
of Corollary 5.15 of that same reference. The paper [TT] gives an alternate proof 
of the surjectivity, as each Gp is a nilpotcnt Lie group. In Section 13.41 we will 
apply the methods used in [llj to show that the Taylor map is surjective in this 
infinite-dimensional setting as well. Here we use the finite-dimensional isometrics 
to show that 7t is an isometry for all t > as follows. 

Proposition 3.13. Let f e H{G C m) and t>0. Then 

ll/(e)||i = WfW-HKGcMY 
Proof. By the finite-dimensional Taylor isomorphism theorem, for all P € Proj(VF), 

\\Ke)hl t = 11/11 L^n- 

Thus, by definition of || • \\n*(G OM )> 

Wf\\nj(GoM) = SU P II/IIl 2 k p ) = SU P ll/( e )ll./°- 

PeProj(W) PGProj(lV) 

So showing that 

sup ||/(e)||. 7 o =||/(e)|| t 

PeProj(W) 

completes the proof. 

Let P £ Proj(iy) with {£,j}'j° = i an orthonormal basis of H, such that {£j}™ =1 is 
an orthonormal basis of PH. Let rjj = 0). Then 

ll/( e )lk°( B p)=Efci E l</(e).%®"-^>| 2 

fe=0 ' j u ....j k = l 
oo , u oo 

^Efc[ E \{f^)^n®---®r 1]k )\ 2 = \\f{e)\\ u 

fe=0 ' j u ....j k = l 

and so sup PeProj(H/) ||/(e)|| jo (bp) < ||/(e)|| t . On t hc otllGr hand , if { P n}n=i C 
Proj(VF) is an increasing sequence of projections, then 

sup ll/(e)||jo (BP ) > lim ||/(e)||„ jt 

PSProj(W) ™^°° 
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oo k n 

= „ 1 ™ Efe! E K/( e )>^®---®%)i 2 

OO , oo 

= E fc[ E K/( e ).^ ® • • • ® ^)i 2 = n/( e )ii*- 

fe=0 ' Ji,."j3fc=l 

□ 

The following corollary follows from Propositions 13.131 and 12.291 

Corollary 3.14. Let S > be as in Provosition 1 2. 281 and suppose that f : G — > C 
is a continuous function such that f\c CM ^(Gcm) and, /or some £ € (0, (5), 

|/(ff)| < 

/or a/I g £ G. Then f\ GcM € TL\(Gcm ) and /| GcM (e) G J°. 

In particular, Corollary 13. 141 implies that, for all t > 0, "Pcm C H?(Gcm) and, 
for any p &V, p\q om (e) € J t °. Thus, H%(Gcm) and J t ° are non-trivial spaces. 

Corollary 3.15. TTie Taylor map % : %1(Gcm) — > J? * s infective, and \\'\\-h 2 (G m) 
is a norm on TL^{Gcm) induced by the inner product 

( u i v )u1{g C m) : = (w( e ) 5 «( e ))t> /° r u > u e UI(G C m)- 

Proof. If /(e) = 0, then Proposition 13.131 implies that ||/||-h 2 (Gcm) = ^ an< ^ thus 
/|g p = for all P g Proj(W). As / is continuous and Up e p ro j(w)Gp is dense in 
Gcm by Proposition dHH it follows that / = 0. Thus, % is injective. 

Since || • || t is a Hilbert norm, Proposition 13 . 1 31 then also implies that || • \\<h 2 (g m) 
is the norm on TL1(Gcm) given by the above inner product. □ 

3.4. A density theorem and proof of surjectivity. We will now apply the 
methods used in |llj to show that the Taylor map is surjective. In fact, the infinite- 
dimensional proof is directly analogous to the finite-dimensional proof presented 
there, and no special considerations need to be made for the infinite-dimensional 
case. Similar arguments were used in [5] and [5]. Still, we collect the proofs here for 
completeness and to stress the dimension independence of the arguments. Addi- 
tionally, Corollary 13.201 will be critical in the proof of surjectivity of the restriction 
map in Section 01 and this proof will require some adaptation for the subelliptic 
construction. 

Definition 3.16. A tensor a — Y^k=o ak e T(qcm)' is said to have finite rank if 
«fc = for all but finitely many k g N. 

The next lemma is essentially a special case of [TU1 Lemma 3.5]. See also [SJ 
Theorem 41] and [H Lemma 7.3]. 

Lemma 3.17. The finite rank tensors in J t ° are dense in J t °. 

Proof. First note that Qcm — H x C is a graded Lie algebra with [H, if] = C, 
[if, C] = 0, and [C,C] = 0. Thus, for 8 g R, we may define the dilations ipg : 
Qcm -> Qcm by 

fe(A,a) := (e ie A,e 2ie a), for all (A, a) g q C m, 
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and it is straightforward to verify that ipe is an automorphism of qcm- Let $g : 
T{qcm) — > T(qcm) be the automorphism of the tensor algebra over qcm induced 
by (pe, that is, 

k times 



$ := ipg ® • • • ® tpe on gg^. 

Then 

ac'- K, £']) = (wO a (^O - ^ [f, £'] 

= w)AW)-be,^']. 

From this it follows that §g(J) C J and therefore if a G J°, then a o $ e g J°. 
Letting be an orthonormal basis of if and V = {(£j,0)}JLi, we have ipgrj = 

e l9 r) for all 77 £ I\ Therefore, 

I (a o $,,,77! ® • • • ® ry fe )| 2 = |(a, <^ e ??l ® ••• ® ^0^) | 2 
= I (a, 7?i <g> • • • <g> 77 fe ) | 2 , 

and hence 

l|a°$e|| 2 = X! fci \(a°$8,Vi®---®Vk)\ 2 
k=o ' 7?i,...,J7 fc er 

= X)fc! £ l(a^i®---®%)| 2 = l|a|l?- 
fe=o ' J7i,...,t7»,er 

So the map J ( °9a4ao<|i 9 £ J t ° is unitary. Moreover, since 

\{a,tpgr}i ® ••• ® ^77/0) - (a, 771 <g> ••• <g> 77 fe )| 2 < 2|(a,?7i ® ••• ® 77 fe )| 2 , 
the dominated convergence theorem implies that 



lim II a o $g — a 
6^0 



2 



00 i fc 

(3.2) = — y lim \(a,cpern <E> • • • <E> i^fc) - (a, 771 ® • • • <£> 77 fc )| 2 

*■ — ' fc! * — ' 8— ¥0 

k=o J7i,...,i7s.er 
= 0, 

and a 1— > a o 4>g is continuous. (Notice that o $ Q = <i>e +Q ,, so it suffices to check 
continuity at 8 = 0.) 

Now, for any n € N, let 

ff m-lVV - 1 sin2 (j g / 2 ) 

- 27rn 2-j - 27rn sin 2 (0/2) 

j=0 l=~] y ' ' 

denote Fejer's kernel [27l p. 143]. Then one may show the following: J" F n (9)d9 = 
1 for all neN; 



lim / F n (0)u{6)de = u(0), 

n — » 00 / _ 

for all continuous functions u : [— 7r, 7r] — > C; and 

F n (6>)e zmf? d6> = 
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whenever m > n. Given a G J?, we let 



a(n) 



ao^ g F n (9)de. 



If = hi ® • • • <g 

So, if m > n, 

(a(n),/3) 



ft m G flpM' tnen there exist Pi G g®^- such that 



2m 



/7T /-7T 
(a, F„(0) d0 = ]T (a, ft) / e" e F„ 
-7T ™ J —71 



(0) dO = 0, 



from which it follows that a(n) m = for all m > n. Thus a(n) is a finite rank 
tensor for all neN, and (|3.2j) implies that 



limsup || ck — a(n)||j = limsup / [a — a o 3>g]F n (9) d9 

n— >oo n— >oo J — 7r 

< limsup / ||a-ao$ 9 || t F n (0)cZ0 = O. 

n— >00 J— 7T 



□ 



The surjectivity of the Taylor map may now be proved by finding a preimage 
in TLi(Gcm) under 7* for any finite rank tensor in J t °. The following lemma is a 
special case of Proposition 5.1 in [6] and motivates our construction of the inverse 
of the Taylor map. This version of the result may also be found in Lemma 6.9 of [5]. 

Lemma 3.18. For every f £ H(Gcm) and g G Gcm, 

oo 

/C9)=EiJ<A(e),5 8fc ), 

fc=0 

where by convention g®° = 1 G C and the above sum is absolutely convergent. 
Proof. The function u(z) := f(zg) is a holomorphic function of z G C. Therefore, 

/Cs)=«(l) = f;~u (k >(0), 



fe=0 



and the sum is absolutely convergent. In fact, for all r > 0, there exists C{r) < oo 
such that ^|u (fc) (°)l < C(r)r" fc for all k G N. Finally, note that 



M (fe) (0) - 



di 1 



u(t) 



/(*<?) 



/(e t9 ) = (5V)( e )HA( e ),5 W >- 



t=o 



□ 



The following proof of the surjectivity of the Taylor map is directly analogous 
to the proof of Lemma 3.6 in [TT] . 

Theorem 3.19. The Taylor map 7t : (Gcm) — > J® is surjective. 
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Proof. Consider first a a finite rank tensor in J t °. By Lemma f3.18[ if / = T t a 
exists, then it must be given by 

oo 
k=0 

for all g £ Gcm- This is a finite sum since a is of finite rank, and thus f a is a finite 
sum of continuous complex multilinear forms in g € Gcm- Thus, f a is holomorphic, 
and, in particular, for any h £ 0cm, 



d k 

faith) = — k 
t=0 ab 



Y^-(a n ,{thr n ) = {a k ,h® k ). 



t=0 n=0 



So f a {e) = a on span{fe® fc : h £ QcM,k € {0} UN} = {symmetric R-tensors} =: 5. 
By the Poincare-Birkhoff-Witt theorem (see [28j Lemma 3.3.3] or [22j Corollary E]), 
^(gcM) = S ® J, and, since f a (e) — a annihilates J, this implies that f a (e) = a 
on T(g CAf ). 

Thus, for every finite rank tensor a £ J t °, the function f a is holomorphic and 
/ a (e) = a, and so Proposition 13 . f 31 implies that f a £ H^Gcm)- Hence, the image 
°f / ^ /( e ) is dense in J t °, which suffices to prove surjectivity. □ 

The following is an immediate consequence of Lemma 13. f 71 and Theorem 13. 191 
Corollary 3.20. The vector space, 

HIzJGcm) ■■= {/ e n 2 t {G CM ) ■ /(e) € J t ° »s /imie ran*;} 
is a dense subspace of H 2 (Gcm)- 

4. The restriction map 

In this section, we construct the "skeleton" or "restriction" map between a class 
of square integrable holomorphic functions on G and H^Gcm), and we prove that 
this map is an isometric isomorphism. Before proceeding, we must first define the 
appropriate class of holomorphic functions on G we wish to deal with. 

Recall from Definition 12.231 that a function / : G — > C is a cylinder function 
if / = F o 7Tp for some P £ Proj(M / ) and F : Gp — > C. We say that / is a 
holomorphic cylinder polynomial if F is a holomorphic polynomial on Gp. The 
space of holomorphic cylinder polynomials will be denoted by V. Propositions 12.281 
and 12.291 imply that V C L p (v t ) for all p £ [l,oo), so we may make the following 
definition. 

Definition 4.1. For t > 0, let %1(G) denote the L 2 (i/ t )-closure of V . 

Remark 4.2. Let A denote the class of holomorphic cylinder functions on 67. As 
remarked in [8], it is natural to expect that ^(G) coincides with the closure of AD 
L 2 (v t ) in L 2 (v t ), however, this is currently not known even in much simpler settings. 
But in a sense H 2 (G) is the appropriate space to consider, as the polynomials should 
constitute a dense subset of the square integrable holomorphic functions, when one 
can make sense of polynomials. 



In Section 14.11 we show that the restriction of holomorphic cylinder polynomials 
to Gcm constitutes a dense subspace of H 2 (Gcm), and with this result in hand, 
in Section 1431 we construct the restriction map as a linear map on 1-i 2 (G). 
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4.1. Another density theorem. Techniques similar to those used in this section 
were used in [8] , as well as in Cecil [5] to prove an analogous result for path groups 
over stratified Lie groups. 

Theorem 4.3. For all t>0, 

V C m ■= {p\g C m -peV} 

is a dense subspace of Hf(Gcu)- 

This result is analogous to Theorem 7.1 of [5], and as done in that paper, Theo- 
rem l4.3l will be proved by showing that Vcm is dense in yet another dense subspace 
of 'H1{Gcm)- In particular, Corollary 13.201 implies that it suffices to show that 
any element of "H^ & n (GcM) may be approximated by elements of Vcm- However, 
the fact that in our case J t ° is defined not using the full Hilbert-Schmidt norm 
complicates some limiting arguments that appear in [8]. 

Again we recall Notation l2.20l let C i?* be a complex orthonormal basis 

of H and let {^}^i = {{^Mf=i- Define F « e Proj(VF) by 

n 

P n w = / f° r an w e W, 

and 7r„ : G — > G n = P n W x C defined by n n (w, c) = (P n w, c). 

We will show that for all / G H t ,{m(G C M), f ° G V and / o 7r n | GcA/ f in 
Hf(GcAi)- The proof of this statement is complicated by the fact that, for general 
ui and P G Proj(W / ), np : G — s- Gp C Gcm is not a group homomorphism. In fact, 
for g = (id, c) and g' — («/, c'), 

Kp{gg') ~ TTPff • TTPff' = T P (w,w') 

where 

(4.1) I>(tu, w') := i(0, w(ti;, «/) - w(Pitf, Pti;')) = ^ ([<?, </] - [^pff, WD • 

So unless w is "supported" on the range of P, np is not a group homomorphism. 
Note that the case where u> is supported on a finite-dimensional space is exactly 
the trivial case where L is "finitely many steps from being elliptic," and the proof 
of several of the other results included here would be greatly simplified. 

The proof of the following proposition is similar to Proposition 12.131 and is left 
to the reader. 

Proposition 4.4. For any P g Proj(M /r ), g = (w,c) £ G, hi — (Aj,a,) G 0, and 
f : G — > C a smooth function, 

n 

(4.2) h n ---h 1 (fon P )(g)= £ / (fc) (W £ (h n> . . . , h x )f (g), 

k=\n/2] ^K-k 

where, for 9 = {{ii, i 2 }, ■ ■ . , {h k-u »2 fc}> {hk+i}, {i n }} G AJ? a partition of 
{1, • • • , n} as defined in Notation \2.12l 

(ftn, ... , M| e (.g) := , >4 a ] ® • • • ® [^-n ® (5) ® • • • ® (5), 

fc p ( 5 ) := (^M,a + ^( W ,A)V 
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Again as we did for Proposition 12. 13[ let us write out (|4.2|) for the first few n: 

hi(fo7r)(g) = f(ng)hf(g) 
hhi(f o n)(g) = f'ing) (h? (g) ® ftf (<?)) + f(ng)[h 2 , h ± ] 
hMlif o n)(g) = f"'(ng) (h?(g) ® ft 2 p (.g) ® hf (.g)) 

+ \f"{^9) ([ha, H <8 fcf (s) + [ft 3) fci] <8> /i P (g) + [/»2, fti] (8 h£(g)) 

In particular, when g = e and ft., = (^4j,0), we have hf(e) = (PAj,0) = 7r/ij, and 
the above formulae become 



(4.3) 



h 1 (fon)(e)=f'(e)nh 1 



(4.4) ft 2 /n(/ o 7r)(e) = f"(e)(7rh 2 ® tt/h) + /'(e)-[/i 2 , fc x ] 

(4.5) h 3 h 2 hi(f o 7r)(e) = f"'(e)(-jrh 3 ® tt/i 2 ® tt/h) 

+ ^/"(e)([/i 3 ,/i 2 ] ® Trfti +tt/i 2 ® [/i3,/ii] +7t/i 3 ® [/i2,^i])- 

Now using Propositions 12. 131 and 14^41 we may prove the following. 

Proposition 4.5. Fia; k £ N and suppose that / £ H(Gcm) satisfies ||/fe(e)||fc < 
oo . Then 



lim 

n— »oc 



A(e)- (/ 07r «). ( e ) 



= 0. 



Proof. We will write out the first few cases for small k before proving the conver- 
gence for arbitrary k. Consider first k = 1. Then Propositions 12.131 and 14.41 (more 
particularly, equations (|2.5j) and (|4.3jl ) imply that 

oo 

|| A(e) - (7^)i(e)||? = E |%/(e) - ^(/ o 7r)(e)| 2 
3=1 

OO OO 

= El/'( e )%'-/'( e W| 2 = E l/'(e)%| 2 ^0 

j=l j=n+l 

as n — > oo, since by hypothesis 

oo oo 

Il/i(e)||? = E l^/( e )! 2 = E l/'( e ^| 2 < M - 
3=1 3=i 

Now, for k — 2, equations (|2.7[) and (|4.4|l ) give 



||/ 2 (e)-(/°7r) 2 (e)| 



E I ^ ^'i / ( e ) ~ 7 te %i (/ ° tt) (« 

31:32=1 



E 

31,32=1 



/"(e)( %1 ® % - 2 ) + -/'(e)[? 7jl ,r ?J - 2 
f"{e){irq h ® 7rr fe ) + ^ /'(e) [77^ , jfo] 



E I /"( e ) (%! ® %2 - 7™7jl ® 7T^2 ) I ' 
31)33=1 
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oo oo 

^ E E 



jl=l 32=71 + 1 

OO OO 

+ E E 

ji=n+l j 2 = l 



/"(e)( % ®% 2 ) + -/'(e)[ %1 ,?7j 2 



f"(e)(r] h ® r} h ) + -f'(e)[v n ,r]j2 



OO OO 

oE E i/'(e)fe 1 ,%]i 2 + 5 E Ei/'( e )fe-^]i 2 ^ 



oo oo 



ji=n+l j 2 =l 



as n -> oo, since 



ll/a(e)||l= E 
ii ,32=1 



< oo, 



by hypothesis, and 



E l/'(e)[%,?fe]| 2 <l/'(e)| 2 £ IM&>^llcH/WlMllrs<°°, 

31J2=1 31,32 = 1 

by Proposition 12.351 which states that /'(e) is a bounded operator on Gcm and 
Proposition 12 . 51 which implies that u is Hilbert-Schmidt. 
For fc = 3, equations (|2.8[) and (|4.5p ) give 



ll/3(e) — (/ o 7r) 3 (e)||| = £ \VhV32V31 f ( e ) ~ VhVhVhif 7i")(e)T 
ii,i2,i3=i 



f"'(e)(Vh ® i7j 3 ® T7j! - 7T77J3 ?rr? i2 ® tt^-J 



E 

+ ^/"( e )(fe 3 i % 2 ] ® %i + fe 3 . ® %2 + fe 2 . %J ® Vh 

- [Vj 3 , Vj2 } ® TT^X " fe 3 > ] ® 7r7 ?i2 - [Vj2 , Vjl ] ® ) 

3 00 00 



< 



E E E 



/"'(e) (^3 ®T)j2®Vji) 



+ 2 /" ( e ) ( fea 1 % ] ® %1 + [%3 . Vh ] ® %2 + [% 2 . %1 ] ® %3 ) 



as ?i — » 00, since 



Il/3(e)||l= £ 

1 



+ ^f"(e)([r] j3 ,r]j 2 ] ® r) h + [v J3 ,Vh} ® % 2 + fe 2 >%i] ® % 3 ) 



< 00, 



again by hypothesis. 
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More generally, using equations (|2.6|) and (|4. 2[) with g = e and to — (£j , 0) for k 
odd shows that 



k oo oo 



|/fc(e)-(/o7r) fc (e)|||<53 2 £ <A( e )> ® * * ' ® %i> 



fcl j ( =n+l j 4 = 1 







as n — ¥ oo. Similarly, for k even, 



h, OO OO s 

\f k (e) - (f^Ue)f k < E E E { Itf*^* 

+ 1 E |/ (fc/a) (<ofoh>-.»&) 5 



as n — > oo, since for 9 — {{ii, 12}, • • ■ , {u--i, € A|; 2 , we have 

fefc .•••>%! )®" = . »?i« a ] ® • • • ® , ] > 

which implies that 

00 

E |/ (fe/2) ( e )fe,..,%) 5 

2 00 

< / (fc/2) (e)| E llfen>%*Jllc---|lfe ife _ 1 '^JHc 
ji,— ,jk=l 

= /( fc / 2 )(e) 2 || W |rA s <oo, 



again by Propositions 12.331 and 12.51 □ 

The following proposition completes the proof of Theorem 14.31 

Proposition 4.6. If f £ %| g n (Gciw) ^ defined in Corollarv \3.20\, then fon n £ V 
for allneN and f o Tr n \ GcM -> / m U^Gcm)- 

Proof. Suppose to € N is chosen so that /fe(e) = if A: > to. Comparing equations 
(|2.6p and (|4.2p . one may determine that, for h\,...,hu € 0cm, 

(4.6) ((/^) (e),/ife®---8>/n) = (/(e), «!?(/»*,..., fti)). 

where k£ is defined as follows: for hi — (Ai,a,i), 

k 

i$(h k ,...,hi):= E E ?t(hk,---M), 

j=[k/2\ 9eA*_j 

where, for 6 = {{ii, i 2 }, . . . , {iu-i,iu}, {^+1}, ■ • ■ , {ik}} € , 
r|f(h fc , . . . , fti) := r Pn {A h , A i2 ) O • • • ® r P „ , A l2f ) ® 7r/i i2€+1 ® • • • ® 7r/i lfc , 

and rp(Aj,Aj) = ^([/ij, hj] — [Trhi,nhj]) as in equation (14. ip . Alternatively, one 
may consult Section 7.2 of [5] for a direct derivation of k£ and equation (|4.6[) (in 
this reference, our K^(hk, ■ . ■ , hi) is just ftjt(e)). 
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By definition, /tjj(/jfe, . . . , hi) G ©j=[fc/2l S§M anc ^ so ffB| implies that 



(/ ° 7r n)(e), ® • • • ® /iiy = when fc > 2to + 2. Therefore, / o 7r„ restricted 

to G„ = P n i? x C is a holomorphic polynomial, and, since /o7r ?l = (/o7r n )|<3 n o7r„, 
it follows that / o ir n g V . 
Moreover, 



lim 



2m+2 ,1. 
t h 



/(e)-(/o7r„)(e) = lim £ 



fc=0 



fc! 



/fc(e) - (/o7r„) (e) 



= 0, 



since Proposition [43] implies that lim„_ 
Thus, by Proposition [3T3l 

lim ll/-/ 07r «||«2 (G )= lim 



/fe(e) - (/o7T„J (e) 
/(e) - (/^) (e) 



for each fc. 



= 0. 



□ 



4.2. Construction and proof of restriction isomorphism. Before we con- 
struct the restriction map, we require some preliminary estimates. Again, we let 
{Vj}?=i = {(£»>0)}£i C H* x {0}, {P„}^ =1 C Proj(W), and 7r„ : G -> G n be as 
in Notation Also, for / : G -> C or / : G C m -> C, let 

ll/ll!»(„») :=ll/| G J| 2 L V ?)= E l/^ n )| 2 ' 
where {g™}t>o C G n C Gcm C G is a Brownian motion on G n as in Proposition 
I2~25l 

First we show that these norms are increasing in n (for sufficiently large n). A 
similar result was proved in [141 Lemma 4.1]. 

Lemma 4.7. Suppose f : G — > C is a continuous function such that /|g„ € H(G n ) 
for all n G N. TTien < Il/|li2( t / n + 1 ) / or a ^ Zarge enough n G N. 

Proof. For each rt G N, let Z3„ = Z? Pn where £)p is as defined in Notation 13. Ill By 
the Taylor isomorphism for subelliptic heat kernels on finite dimension Lie groups 
stated in Theorem 13. 121 

ll/IU 2 K) = ll/(e)lkt, 

where we recall that 



l/(e)| 



2 

n,t - / , k] 



2 

n,k ) 



fc=0 



for all 7i sufficiently large that [P n W,P n W] = C. Observing that, for each such 
n G N and fc G {0} U N, 

n 

\\(Dif)(e)\\l k = £ KPi/Xe),^®...®^)! 3 

n n+1 

= E fe"--^/(e)| 2 < E fe-"^/(e)| 2 
iij— ,j*=i ii,---j'fc=i 

n+1 

® • • • <S> f]j 
jl,...,jk = l 

completes the proof. □ 



£ |((D* +1 /)(e), %1 ® • •• ® r&>| 2 = ||(^ +1 /)(e)| i2 



71+1, fe' 
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Lemma 4.8. For any continuous function f : G — > C such that /|g cm G H{Gcm), 

\\f\\L2(u t ) < I|/|g C mIU|(Gom)- 

Proo/. First, note that, if {P^^ C Proj(PF) such that P„| ff f Ih, then Proposi- 
tion [225] implies that (passing to a subsequence if necessary) g" — > g t almost surely. 
Thus, 

||/|U=(iy t ) < SUp ll/H L*{v?) < II/|g cm ||h 2 (G C m)> 
n 

where the first inequality holds by Fatou's lemma and the second by the definition 
of || • \\ul (G CM )- D 

Remark 4.9. Of course this lemma holds for any p G [l,oo), for Hf(G) defined 
analogously to H 2 (G) in Definition 14.11 

Corollary 4.10. Let 5 > be as in Provosition \2.28[ and suppose that f : G — > C 
is a continuous function such that, for some e G (0,(5), 

|/(ff)| < Ce^<' 2 \ 

for all g G G. Then 

ll/IU 2 K") t ll/IU 2 (^ t )- 

(In particular, this implies that \\f\\L 3 (v p ) < \\f\\L 2 (u t ) for any P G Proj(W).,) Also, 
tf f\c C M € 'H(G'cAf). then 

( 4 - 7 ) ll/IU 2 (i/ t ) = II/Ig C mIU?(g cm )- 

Proof. First, Lemma 14.71 implies that {||/||l 2 (j;™)};?Li is an increasing sequence. 
Proposition 12.291 implies that / G L 2 (y t ), and taking ft = e in equation (|2.17[) 
or equation (|2.18p shows that the sequence must be increasing to ||/||L 2 o t )- This 
combined with Lemma 14.81 gives (I4.7[) . □ 

Lemma 4.11. Suppose f : G — > C is a continuous function such that /|g„ S 
UL 2 {v^) for all neN. Then, for all g G G C m, 

1/(3)1 < \\f\\L^ t) e d ^ /2t . 

Proof. Let g = (w,c) G G m , and consider an arbitrary horizontal path a : [0, 1] — > 
Gcm such that a(0) = e and cr(l) = g. Recall that, by Remark 12.151 a must have 
the form 

a(t)= <A{t) ,~ f\o{A{s),A{s))ds 



2 

For n > m, consider the "projected" horizontal paths <7„ : [0, 1] — > G n given by 

<J n (t) = (A n (t),a n (t)) := (p n A(t),^J^ u{P n A(s), P n A(s)) ds 
Note that A n (l) = P n A(l) = P n w = w, and let 

i r 1 

s n :=c- a„(l) = c - - / oj(P n A(s),P n A(s)) ds G C. 
* Jo 

Then, for d n the horizontal distance in G„, 

dn(e,g) = d n (e, (w,c)) = d n (e, (w,a n (l) + £„)) = d n (e, (w,a n (l)) ■ (0,£„)) 
< d n (e, (w, a„(l))) + d n (e, (0, £„)) 



(4.8) <e(a n )+C^\\e n \\ c , 
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where the first inequality holds by (|2.10[) and the second inequality holds by (|2 . 1 3[) , 
with constant C — C(N,ui). Note that (|2.12j) technically gives only a bound for 
dh on Gcm', however, it is clear from the proof of this bound that one may find a 
constant C so that (|2 . 13[) holds for all sufficiently large n with the constant C not 
depending on n. 

Now consider a continuous function / : G — > C such that /|g„ € WL 2 (is 7 t l ) 
for all n £ N. For n > m , g £ G m c G n . Then, for n sufficiently large that 
[P n W,P n W] = C, Theorem GDJ (in particular ([53])), Corollary OH1 and 
imply that 

(4-9) |/(5)l < H/IU^e^ 6 ^ 2 ' < ||/|| i2( , t) e (£( ^ )+C ^^ )2/2t - 
One may then show via dominated convergence that 

lim%„)= lim / \\P n A{s)\\ds = [ \\A(s)\\ ds = %), 



and that 



lim ||e n ||c = lim 

n— J-oo n— J-oo 



n— »oo 

l 

2 Jo 



o 



= 0. 

c 



u>(A(s), A(s)) - oj(P n A(s), P n A(s)) ds 

Thus, passing to the limit in (|4.9|) as n —¥ oo gives 

1/(5)1 < \\f\\m„ t) e^ )2/2 \ 

and taking the inffmum over all horizontal paths a such that er(0) = e and cr(l) = g 
completes the proof for all g G UpGp. Since both sides of the inequality are 
continuous in g £ Gcm and UpGp is dense in Gcm by Proposition 12.181 this is 
sufficient to prove the bound for all g £ Gcm- O 

Notation 4.12. For g £ Gcm, define the linear map R g : V — > C by 

R g f ■■= f(g). 

Proposition 4.13. For all g £ Gcm, Rg can be extended uniquely to a continuous 
linear functional on all of}i\(G) satisfying 

(4-10) \R g f\ < \\f\\ L ^ t) e dh{e ^ 2/2t . 

Proof. Lemma [47TT1 implies that (|4.f0j) holds for f £ V and g £ Gcm- Thus, 
I lollop < e d h{ £ ,g) / 2 * as an operator on V C L 2 (i>t), and R g is continuous and 
defined on a dense subset of W 2 (G). Thus, there exists a unique extension of R g to 
U\(G) (still denoted by R g ) so that (jjl0| is satisfied for all / £ H 2 {G). To define 
R g for an arbitrary / £ 'H 2 (G) : let {/,}^Li C V such that /j / in L 2 (y t ) and 
define R g f := lim^oo R g fj- □ 

Remark 4.14. The estimate in (|4.10[) implies that, if fj — > f in L 2 (iy t ), then, for 
any g £ Gcm, Rgfj Rgf and the convergence is locally uniform. 

Theorem 4.15. There exists a linear map R : R 2 (G) H{Gcm) with the follow- 
ing properties: 

(f) Foranyf£T, Rf = f\ GoM . 

(2) For g£ Gcm, \(Rf)(g)\ < WfWm^e^^ 21 - 
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Proof. Given / € U 2 t {G), we define Rf by (Rf)(g) := R g f for all g € Gcm- Items 
(1) and (2) are satisfied by definition of R g and Proposition 14. 1 31 

To see that Rf G H(Gcm), first consider / G V . Then / — F o ir P for some 
P G Proj(W) and polynomial F G H(G P ). By Proposition COl ft, i-> /( g • e ft ) is 
Frechet differentiable at h = and this derivative is continuous with respect to g. 

For general / G H 2 (G), fix g G GcAf and choose {fj}jLi C such that /j / 
in i 2 (^). Then 

\wm - w)(g)\ = \RgUi - f)\ < \\fj - fh H „ t) e d2 ^ /2 \ 

and so Rf is the pointwise limit of Rfj = fj\GcM G H(Gcm) with the limit being 
uniform over any bounded subset of g's contained in Gcm- By Theorem 3.18.1 
of [20]; this is sufficient to imply that Rf G TL(Gcm)- O 

Theorem 4.16. The map R : U 2 t {G) U 2 {G C m) is unitary. 

Proof. Given / G "P, Corollary |4T0] implies that ||-R/||h 2 (G cm ) = ll/IU 2 ^*)- There- 
fore, R\j> extends to an isometry, still denoted by R, from H 2 (G) to V. 2 (Gcm) 
such that R{V) = Vcm- Since i? is isometric and Vcm is dense in t1 2 (Gcm) by 
Theorem 14.31 it follows that R is surjective. □ 

Corollary 4.17. Suppose f : G — > C is a continuous function such that f\c C M 
UUGcm). Then f G Hf(G) and ||/|| i2( , t) - ||/| GcM |k ?(GcM ). 

Proof. By Theorem 14.161 there exists u G TL 2 (G) such that i?w = /|g C j\/- L e t 
p„ G be chosen so that p n -> w in L 2 (v t ). Then p„|G C Af = Ru = f\c C M 

in H^Gcm), and, by Lemma I4T51 

HZ-Pnlli 2 ^) < IK/ -Pn)|G CM |lK|(G M)- 

Thus, p n — >• / in L 2 {v t ), and since p„ — > u in L 2 {v t ) also, it must be that f = u E 
H 2 (G). □ 

Corollary 14.171 along with Corollary 14.101 immediately give the following. In 
particular, this result states that, under the assumptions of Corollary 14.101 / G 

n 2 (G). 

Corollary 4.18. Let 6 > be as in Provosition \2.28[ and suppose that f : G — » C 
is a continuous function such that f\c C M £ H(Gcm) and, for some e G (0, 5), 

\f(g)\ < Ce^ll*/ 24 , 

for all geG. Then f G U 2 {G) and \\f\\ L * {vt) = \\f\ 

Gcm II {Gcm ) ' 
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